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1. INTRODUCTION 

A quasi-metric on a set X is a non-negative real-valued bifunction 
p(-,-) on the product X x X such that, for all x,y,z G X 

(1) p(x,y ) > 0 and p(x,x) = 0; 

(2) p(x,z) <p(x,y)+p(y,z)-, 

(3) p(x, y ) = p(y, x) = 0 => x = y. 

Given a quasi metric p on X, the pair (X,p) is called a quasi met¬ 
ric space. We call two quasi metrics p and q on X conjugates if 
q(x, y) = p(y, x), for all x, y G X. 

In [2,3], let X be real vector space, an asymmetric norm is a 
positive sublinear functional || - | on a real vector space X which 
satisfies, for arbitrary x, y G X 

(Al) \\x\ > 0; 

(A2) 11cur| = a||a;| a > 0; 

(A3) \\x + y\ < ||x| + | \y\; 

(A4) \\x\ — || — x\ — 0 =>• x — 0. 

The conjugate asymmetric norm | • || is given by |x|| = || — x\. X 
together with || • | forms a real asymmetric normed space. 

In case X is a real vector space, the asymmetric norm and con¬ 
jugate asymmetric norm induce a quasi metric and conjugate quasi 
metric, respcetively, by p(x,y ) = ||a; — y\ and q(x,y ) = \x — y ||. 

Examples of real asymmetric normed spaces: 


^^Corresponding author 


1 



2 


(1) || ■ |* : M —y M given by ||a;|* := max{x, 0}, is an asymmetric 
norm on M and so (M, || • |*) is an asymmetric normed space 
with its conjugate defined by |x||* := max{— x, 0}. 

(2) (M", || • 1 2 ) is an asymmetric normed space, where || ■ (2 is 
given by ||x| 2 := (EiLi( max { a; *’ 0}) 2 )2 an d its conjugate 

Mb := (E<Li( max { _a; i» 0 }) 2 )*- 

(3) (l p , || • |p) is an asymmetric normed space, where || • | p is 
given by ||x| p := (E^i( max ( a A 0}) p )p and its conjugate 

klip : = (E“i( max {-®*>0}) p )'- 

(4) (C[a, b], || • |oo) is an asymmetric normed space, where || ■ |oo 
is defined by ||/|oo : = sup max{/(x),0} and its conjugate 

x£[a,b\ 

\f\\ P := sup max{-/(x), 0}. 

x£[a,b] 


The purpose of this paper is to introduce the notion of real quasi 
6?Hilbert space and then study some of its properties. 

2. MAIN RESULTS 

2.1 Real quasi bi-inner product space 

Definition 2.1 Let X be a real vector space. A quasi inner 
product (•, -) + : A xl —» M is a bifunction satisfying the following 
conditions: for arbitrary x,y,z £ X, 


(Ql) (x,x) + > 0, 

(Q2) ( x,y) + = ( y,x ) + , 

(Q3) (ax,y) + = (x,ay) + = a(x,y) + , a > 0, 
(Q4) (x + y, z) + > (x, z) + + (y, z ) + , 

(Q5) (x, x) + = (—x , — x) + = 0 =>■ x = 0 . 


The conjugate quasi inner product is given by (x, x)~ = {—x, —x) + . 
The triplet (. X , (•, -) + , (•, -) _ ) is defined to be a real quasi bi-inner 
product space. 

2.2 Examples of real quasi bi-inner product spaces 

Let x, y e X , then 
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(1) (X = M, (•, -) + , (•, •) ) is a quasi bi-inner product space, 
where (•, -) + is defined by 


{x : y) + = 


min{x, 0} rnin{y, 0}, sgn(x) = sgn(y ) 
xy, sgn(x) ± sgn(y ), 


and the conjugate is 


(x, y) = 


min{— x, 0} min{— y, 0}, sgn(-x) = sgn(-y) 
(~ x )(—y), sgn(-x) sgn(-y). 


(2) (A" = M n , (•, -) + , (•, •) ) is a quasi bi-inner product space, 
where (•, -) + is defined by 


{x,y) + = 


Y"=i min {^) °} sgn(xi ) = sgn(yi) 

Yi=i x iVii sgnfa) ± sgn{y % ), 


and the conjugate is 


{x, y) = 


Yi=i minj-Xi, 0} min{—y.j, 0}, sgn(-Xi) = sgn(-yi) 
E"=i (-Xi)(-yi),sgn(-Xi) ± sgn(-yi). 


(3) (X = l 2 , (•, -) + , (•, •) ) is a quasi bi-inner product space, 
where (•, -) + is defined by 


(■ x,y) + = 


Y^L i nfinjxj, 0} min{yj, 0}, sgnixi ) = sgn{yi ) 
Y?=i xm, sgn(xi) ± sgn(yi ), 


and the conjugate is 


{x, y) = 


YT=\ min{—0} min {-*/*, 0}, sgn(-Xi) = sgn(-yi) 
YZi(-Xi)(-yi), sgn(-Xi) ± sgn(-yi). 


(4) (X = C[0,1], (•, -) + , (•, •) ) is a quasi bi-inner product space, 
where (•, -) + is defined by 

+ = f /q min {f(x), 0} min {g(x), 0 }dx, sgn(f) = sgn(g) 

,9 [Jo 1 f( x )g(x)dx, sgn(f) ± sgn(g). 

and the conjugate is 

f f ( ' min (-f(x), 0} min {-g(x), 0 }dx, sgn(-f) = sgn(-g) 
\ fo(-f(x))(-g(x))dx, sgn(-f) ± sgn(-g). 
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2.3 Real quasi Hilbert space 

Theorem 2.1 (Cauchy-Schwartz type inequality). Let X be a 
real quasi 6?’-inner product space. Then 

\{x,y)~\ 2 < {x,x)~(y,y)~, (1) 

for all x, y E X. 

Proof. Let x,y E X. Then for arbitrary t E [0, oo), we have 

(tx + y,tx + y)~ > (tx,tx)~ + 2{tx,y)~ + (y,y}~. (2) 

Interchanging the role of tx and tx + y in (2), we get 

0 < (tx + y,tx + y)~ < t 2 (x,x)~ -2 t(x,y)~ - (y,y)~ 

< t 2 {x,x)~ +2t\{x,y)~\ + (y,y)~, 

so that 

0 < at 2 +bt + c , 

where a = (x,x)~, b = 2\(x,y)~\ and c = ( y,y)~. Therefore, by the 
theory of quadratic inequality, the discriminant of of the the last 
inequality above is nonpositive. Thus we get, b 2 < 4 ac which gives 
(1), as desired. 

Theorem 2.2 Let (X, (•, -) + , (•, -) _ ) be a real quasi bi-inner prod¬ 
uct space and let x E X. Then the functions || • | and | • || defined 
by 11a;| = y/{x,x)~ and |x|| = \J(x, x} + give asymmetric norm and 
conjugate asymmetric norm, respectively. 

Proof. To prove this, it suffices to show that the given functions 
satisfy (Hi) — (H4) conditions above. By (Ql), (Q 3) and (Q 5), we 
get trivially (Hi), (H2) and (H4), respectively. For (H3), let x,y E 
X , then by (Q4) and from the Cauchy-Schwartz type inequality, 
we obtain 

-\\ x + y\ 2 = ~.(x + y,x + y}- 

< ~(x,x)~ - 2 (x,y)~ - {y,y)~, 

<-\\ x \i + 2\(x,y)-\-\\y\ 2 , 

< -N 2 + 2||x||M - \\y\ 2 . 

This implies that 

II* + y\ 2 >\\A 2 - 2\\x\\\y\ + \\y\ 2 = (11*1- IM) 2 . (3) 
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Interchanging the role of x and x + y in (3), we get 

||a; + y\ < ||a;| + ||r/|, as required in (A3). 

Hence, in a similar way, we see that both || • j and | ■ || are well 
dehned as claimed. 

Theorem 2.3 Let X be a real vector space. Then (•, -) + and 
(•, •)“ are continuous bifunctions on X x X. 

Proof. We now begin with some analysis, that is, for x, xo, a £ X, 
we have 

{%o,x - a)~ > {x 0 ,x)~ + (x 0 , -a)~. (4) 

Replacing —a by x — a in (4), we have 

(x 0 ,x — a)~ < (x 0 , -a)~ - {x 0 ,x)~. (5) 

Combining (4) and (5), we obtain 

{x 0 ,x)~ + (x 0: -ay < {x 0 ,x- ay < (x 0 , -a)~ - (x 0 ,x)~. 

If (xq,x)~ < 0, then it implies that 

\(x 0 ,x- a)~ - (.x 0 , —a) - 1 < ( x 0 ,x)~ < |(a;o,a;) _ |. (6) 

Else if, ( x 0 ,x)~ > 0, then by (4), we have 

{x 0 ,x)~ + {x Q ,x- a)~ > {.x 0 , - a)~. 

This implies that 


"S' 

o 

1 

IV 

'S' 

o 

1 

' 1 

1 

o 

' 1 

(7) 

Replacing x — a by —a in (7), we get 


(x 0 ,x- a)~ < ( x 0 , -ay + (. x 0 ,x )~. 

(8) 

(7) and (8) also implies (6). Therefore, interchanging the role of x 
and x — a in (6), we get 

o 

1 

1 

"S' 

o 

1 

IA 

"S' 

o 

H 

1 

1 

(9) 

and replacing —a by a in (9), we arrive at 


\{x 0 ,x)~ - {xq, a)~\ < |(xo, x — a)” . 

(10) 


So, for arbitrary x, xq £ X with 0 ^ xo fixed, let a £ X, by the 
continuity of || ■ |, for any e > 0, there exists 5 > 0 such that, by 



(10) and the Cauchy-Schwartz type inequality 
|(^o, x)~ - {x 0 ,a)~ | < |(x 0 , x — a) _ |, 

< Vlkolll® - a \ < V^lkol = V 



But, for Xo = 0, we are done with the proof. Therefore, the function 
(•, •)“ is continuous with respect to the first argument. Clearly, we 
see that the continuity also holds with respect to the second vari¬ 
able. Hence, in a similar way, both (•, -) + and (•, •)“ are continuous 
as required. 

Definition 2.2 Let (X, (•, -) + , (•, •)“) be a real quasi fa-inner 
product space. A sequence {x n } in X is called Cauchy with respect 
to || • |, denoted by || • (-Cauchy, (Cauchy with respect to | • ||, denoted 
by | • ||-Cauchy) if for every e > 0 there exists no G N (n' 0 G N) such 
that Vn ,m G N , m> n > no (m > n > n' 0 ) implies 

\\x n — x m | < e (respectively \x n — x m \\ < e). 

It is therefore called hiCauchy if it is both || • (-Cauchy and | • ||- 
Cauchy. 

Definition 2.3 Let (X, (•, -) + , (•, •)“) be a real quasi hi-inner 
product space. A sequence { x n } in X converges to a point x G X 
with respect to || • |, denoted by || ■ (-converges, (with respect to 
| • ||, denoted by | • ||-converges) if for every e > 0 there exists 
no G N (n'o G N) such that Vn > no (Vn > n' 0 ) implies 

\\x n — a;| < e (respectively \x n — a:|| < e). 

The sequence is therefore called ^convergent if it is both || • |- 
convergent and | • ||-convergent. 

Definition 2.4 Let (X, (•, -) + , (•, •)“) be a real quasi fa- inn er 
product space. If every biCauchy sequences biconverges, then X 
is called a bicomplete real quasi fa-inner product space. 

Definition 2.5 A bicomplete real quasi fa-inner product space is 
called real quasi faHilbert space. 


2.4 Geometric properties of real quasi 6?'Hilbert spaces 
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Theorem 2.4 (Parallelogram type law). Let X be a real quasi 
6?'-inner product space. For all x, y G X, the parallelogram type 
inequality holds 

\\x + y\ 2 + \\x - y\ 2 > 2(||^| 2 + 2~ 1 (\\y\ 2 + |?/|| 2 )) 

+ 2 [{x,y)~+ {x,-y)~]. (11) 

Proof. The proof of (11) follows by expanding the left hand side 
to obtain the right hand side. 

Next, we prove the following very important inequality. 

Theorem 2.5 Let X be a real quasi hi -inner product space. For 
arbitrary x,y G X, the following inequality holds 

(x, y)~ + (x, —y)~ < 0 (similarly (x,y) + + (x, —y) + < 0). (12) 

Proof. Let 0 denotes a zero vector, then for arbitrary x,y e A", 

0 = 0(x,0)“ 

= (a;, 00) _ (by condition Q3), 

= (x,0)~ = (x,y+(-y))~, 

> (x, y)~ + (x, —y)~ (by condition Q4). 

Hence, (12) holds, as required. 

Theorem 2.6 Let X be a real quasi ftz-irmer product space. 
Then, 

{x,y)~ + ( x,-y)~ < 0, 

if and only if 

\\x + yf + \\x-y\ 2 <2(\\x\ 2 + 2-\\\yf + \y\\ 2 )), 
for all x,y G X. 

Proof. By (11), 

A > B + C, (13) 

where 

A = \\x + y | 2 + ||a; — y | 2 , 

B = 2(\\x\*P2-\\\yf + \yf)) 

and 

C = 2 [(x,y)~ + (x, —y)~}- 



So, 


0 > C, (by the hypothesis of the theorem) 

equivalently 

- A + A> -B + B + C, 

equivalently 

— A> —B (by (13)) 

equivalently 

A < B, 


as desired. 

Theorem 2.7 Let X be a real quasi hi-irmer product space. 
Then, 

(x,y)~ + (x,-y)~ = 0, 

if and only if 

\\ x + y^+\\ x -y\ 2 >2(\\x\ 2 + 2-\\\y\ 2 + \y\\% 
for all x,y G X. 

Proof. (=>). Let A = \\x + y\ 2 + \\x — y\ 2 , B = 2(||x| 2 + 2~ 1 (\\y\ 2 + 
|y|| 2 )) and C = 2 [(x,y)~ + (x, —y)~]- From (11), when C — 0, then 
clearly A > B. 

(<*=). Here, we prove that A > B implies C — 0. So, by (11), we 
have that 


A > B + C. 

Since A > B then, by (14), we conclude that 

0 > C. 

By Theorem 2.6, 

C < 0 implies A < B. 

This implies, by contrapositive argument, that 

A > B irnples C > 0. 
Hence, by (15) and (16), we obtain 

A > B irnples C = 0. 


(14) 

(15) 


( 16 ) 


Therefore, the proof is complete. 
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Theorem 2.8 (Convex type inequality). Let X be a real quasi 
bi-inner product space and let A G (0,1). Then for all x, y G X 


l|Ax + (1 - A)y| 2 > A||x| 2 + (1 - A) [AM| 2 + (1 - A)||j/| 2 ] 

+ 2A(1 - A)[(z, y)~ + (x,-y)-] - A(1 - A) ||z - y\ 2 . (17) 


Proof. The proof of (17) is done by expanding the left hand side 
to obtain the right hand side. 


Theorem 2.9 (Pythagorean type inequalities). Let X be a real 
quasi bi-inner product space. Then for all x, y G X, 

Ik + V \ 2 > Ikl 2 + 2 k, 2 /)" + \\y\' 2 , (18) 

Ik - y\ 2 > Ikl 2 + 2(x, -y)~ + kll 2 . (19) 


Proof. The proof of (18) and (19) are done by expanding the left 
hand sides to obtain the right hand sides. 

Theorem 2.10 (Polarization type inequalities). Let X be a real 
quasi bi-inner product space. Then for all x, y G X, 

{ x ,»}- < 1 ( 111 + y\ 2 - \\x - y \ 2 + || S | 2 - | S || 2 ), ( 20 ) 

<*, -v)~ < jdk - v? - Ik + yl 2 - Ikl 2 + fell 2 ). (21) 

Proof. By (12), subtracting (19) from (18), we get (20). Similarly, 
when (18) is taken from (19) and (12) is applied, we also have (21), 
as desired. 

Theorem 2.11 (Jordan-Von Neumann type theorem). 

Let X be a real asymmetric norrned space. Then the functions || • | 
and | • || are given by, respectively, (•, -) + and (•, •)“ with (x,y)~ + 
(x, —y)~ = 0, for all x, y G X, if and only if 

Ik + y \ 2 + Ik - y? > 2 (lkl 2 + 2 ~ 1 (lbl 2 + kll 2 )). (22) 

Proof. (=>). By Theorem 2.7, we get the necessary condition. 
(<=). Since (x, y)~ = —(x, —y)~, then clearly condition (Q 2), (Q 3) 
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and (Q 5) hold trivially. For (Q 1), we have, by (21) and (22) 
(x,x)~ = —(x,—x)~, 

> ^(—||x — x\ 2 + ||x + x\ 2 + ||a:| J — |a;|| 2 ), 

> ^(—||x — x\ 2 + ||a;| 2 + ||a:| 2 ) = ||a;| 2 > 0. 

Next, we show condition (Q4). So, by (20) 

1 

(x + y, -z)~ < -(||x + y-z\ 2 -\\x + y + z\ 2 - ||z| 2 + h|| 2 ), 

< \(h + y- z | 2 - \\x + y + z? + 2|m 2 + nil 2 ). 

(23) 

But, by (22), we have that 

—1 |x + y + z \ 2 < || x + y — z\ 2 — 2\\x + y | 2 — \z\\ 2 . (24) 

Substituting (24) into (23), we obtain 

{x + y, -z)~ < ^(2||x + y-z\ 2 - 2\\x + y\ 2 + 2||^| 2 ). (25) 

Interchanging the role of x + y and x + y — z in (25), we get 
(x + y, -z)~ < (x + y, -zy + (-z, «~z)“ < (x + y- z, -z)~ 

< \(2\\x + i/| 2 - 2||x + y - z\ 2 + 2||^| 2 ). (26) 

Replacing x + y — z by x + y + z in (26), we have 

(x + y, -z)~ < |(2||x + y| 2 - '2||x + y + z\ 2 + 2\\z \ 2 ) 

< \( 2 ( x + V, x + y)~ - 2{x + y, x + y)~ - A{x + y, z)~ 

~ 2(z, z)~ + 2 (z, z)~) = -(x, z)~ - (y, z)~. 

This implies, by the hypothesis of the theorem, that 
(■x + y,z)~ > (x,z)~ + ( y,z }~, 

as in (Q4). In a similar way, we clearly see that, (•, -) + and (•, •)“ 
satisfy the axioms of quasi inner product and conjugate quasi inner 
product, respectively. Hence, the result holds, as desired. 

2.5 Biorthonormal sets 

Definition 2.6 Two vectors x and y in a real quasi ///-inner 
product space X are said to be ///’-orthogonal (written as x _L& y or 
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y .Lb x ) if ( x,y) + = (x,y) =0. If M is a subset of X, then we 

write x -Lb M if x -Lb y for every y e M. 

Definition 2.7 Let d > 0. A set S' in a real quasi hi-inner product 
space X is called a hi-orthogonal set if ( x,y) + = (x,y)~ =0 for 
every x,y G S, x ^ y. The set S is called hi-orthonormal if it is a 
hi-orthogonal set and ||a;| = 1 and |x|| = d for each x G S. 

Theorem 2.13 (Bessel’s inequality type theorem). If {tq}?^ is 
a hi-ort honor rrial set in a real quasi hi-i nn er product space X , then 
for arbitrary x£l, 

fE£il(*,«i>“| 2 , if (x, Ui)~ < 0 
Ikl 2 > \ (27) 

and, for some d > 0 

[dY^Li |(x,Wi) + | 2 , if (x, Ui) + < 0 
|x|| 2 > ^ (28) 

I 2 IXi( a h' u *) + ( a b if ( x ,Ui) + > 0. 


Proof. Clearly, 


N 


X 




Uj 


i= 1 


>o, 


SO that, (x - Y 2 Z=l( X ’ U i) U ii X - Y 2 iLl( X i U i) U i) 
plies that 


> 0, which im- 


N 


N 


X 


Ui) + Ui , x - Uj) - 


tk 


2=1 


2 = 1 


TV 


> (x,x) + 2 ( x, — tq) + r 

\ t=i 

IV AT 

■ ^(x, iq) + tq, - J^(x, iq) 


Us 


2=1 


2=1 


(29) 
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Interchanging the role of x and x — Y2iLi( x , u i) +u i in (29), we get 


N 


N 


N 


i =1 


o < (x —y ^{x,uj) Uj,x - y ^(x,uiY 

\ i=l i= 1 

/ N 

< (x, x) -2 (x- 53 (x, - y^(x, Uj)" 

\ i=l 

IN N 

~ ( - (a:, - 53^’ Wi )~ 

\ i=l i=l 

< (x, x) — 2 ( x, — 53 i x ,Uj) u 

\ i =i 

IN N 

- 2 (- 53 - 53 ^ 


Mi 


i=l 

N 


i=l 

IV 


Uj 


v- |2 


-(-53<x,« i ) w i ,-53( a; >' u i) 

\ i=l i=l 

If (. x,Ui)~ < 0, then from (30) 

N 

o <||x| 2 - 53 I (x,Ui) 

i —1 

Else if, (, x,Ui)~ > 0, then by (30) 

/ N 

0 < (x, x) — 2 lx, — 53(o;, Ui) + n 
\ i i 

So, by (32), we arrive at 

N 

0 <||x| 2 -253 {x,Ui)~{x, - u t ) 


7=1 


(30) 


(31) 


(32) 


(33) 


Hence, by (31), (33) and when setting N to go to infinity, we get 
(27) and in a similar way, we also obtain (28), respectively, as re¬ 
quested. 


2.6 Projection type theorems and its applications 

In [2], the balls with respect to || - |, denoted by iP'l, are called 
forward balls , while the balls with respect to | • ||, given by B^, 
are called backward balls. 
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Definition 2.8 Let H b be a real quasi Hilbert space and let 
C be a subset of H b . A point x G H b is said to be an || • |-limit 
(| • 11-limit) point of C if every open || • [-ball (| • ||-ball) centred at 
x contains at least one point of C different from x. It is therefore 
called a bilimit point of C if it is both || • (-limit and | • ||-limit point 
of C. 

Definition 2.9 A subset C of H b is said to be || • (-bounded 
(( • ((-bounded) if there exists a constant M > 0 (M' > 0) such that 
1(^1 A M(|x|| < M') , for all x G C. Then C is binorm bounded if 
it is both || • (-bounded and | • ||-bounded. 

Definition 2.10 Suppose that C C M is binorm bounded with 
lower || ■ |-bound a 0 G M and lower | • ||-bound (3o G M such that 

( 1 ) 70 = min{o!o,^o} <x,Mx eC 

(2) 3xo G C, for all e > 0, 70 < xq < 70 + e. 

Then 70 is called binorm infimum and and it is denoted by inf;,. 

Definition 2.11 Let H b be a real quasi feiHilbert space and C 
be a subset of H b . C is || • (-closed (| ■ ||-closed) if for any sequence 
{. x n } G C which is || • |-convergent to x (| ■ ||-convergent to x) then 
x G C. It is therefore biclosed if it is both || • (-closed and | • ||-closed. 

Theorem 2.14 (Projection type theorem: existence and unique¬ 
ness of minimizing vector). Let X be a real quasi hi-irmer product 
space, M a biclosed subspace of X, and x, y G X with (x,y)~ + 
(x, —y)~ = 0. Then, there exists a unique vector x* G M such that 

\\x — x*\ 2 < ||a: — y | 2 (similarly, \x — x*\\ 2 < \x — y || 2 ) My G M. 

Furthermore, x* G M is a unique minimizing vector if and only if 
(x-x*) _L M. 

Proof. First, we prove the existence of a minimizing vector. Let 
x G M, then by choosing x* = x, we are done with the proof. But, 
if we assume x (f M, then, by the definition of binorm infimum, we 
may assume {y n }^L 1 to be a sequence of vectors in M such that 

||a; — y n \ || • (-converges to ||a; — x *\, as n —> 00 
and by Definition 2.3 

\x — y n || | • ||-converges to \x — x*|| = ||a: — x *\, as n —> 00 . (34) 
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By the hypothesis of the theorem, we write the parallelogram type 
law, 

II (Vn ~x) + (x- y k )| 2 + || (y n -x)-(x- y k )| 2 

> 2 || y n -x\ 2 +\\x- y k \ 2 + \x - y k || 2 , 

which implies 

II (y n -x) + (x-y k )| 2 + || (y n — x) - (x-y k )\ 2 

> \\y n - x\ 2 + \\x - y k \ 2 . (35) 

Replacing y n —x by (y n -x) + (x-y k ) and x-y k by (y n -x)-(x-y k ) 
in (35), we have by (19) 


bn - Vk \ 2 < II Vn - x \ 2 + Ik - y k | 2 - || bn ~ x) ~ (x — y k ) | 2 

< \\y n - x\ 2 + Ik - y k | 2 

- {bn - x\ 2 + 2 (- (x - y n ) , - (x - y k )y + k - Vk\\ 2 ) 

< Ibn - a ;| 2 + Ik - Vkl 2 - 2 (k - Vn), (■x - y k )) + 
and therefore 


||y n — y k \ || • (-converges to 0 as n, k —>■ oo (by (34)). 


Hence, since M is bicomplete, |y n }»ki ^ ias a bilimit point x* G M 
and so, by the uniqueness of the bilimit and the continuity of the 
asymmetric norm, we get 


lim |k - y n | = 


x — lim y r , 


= \\x-x*\ < |k — y | , Vy G M. 


For the uniqueness, we consider the parallelogram type law, 
Ilk* — x) + (x — x')\~ + ||k* — x) — k — akl 2 

> 2 Ik 


x\ 2 + |k — x '\ 2 + k 


a; 


oi 2 


which implies 

|| (x* — x) + (x — x') | 2 + || (x* — x) — (x — x') | 2 

> |k* — x\ 2 + Ik — k | 2 . (36) 


Now, we assume there exists x' G M a minimizing vector such that 
x* ^ x'. Interchanging the role of x* — x and (x* — x) + (x — x') 
and of x — x' and (x* — x) + (x — x') in (36), we have by (19) 
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0 < ||a;* — x '\ 2 < 11 a;* — x\ 2 + ||x — x'f — ||(x* — x) — (x — x')\ 

< ||x* — x| 2 + ||x — x'| 2 

— (j|x* — x| 2 + 2 (— (x — x *), — (x — x')y + \x — x'|| 2 j 

< ||x — x\ + \\x — x | —A(x — x,x — x) . 

Since a/ is a minimizing vector, then ||a; — x'\ = ||a; — x*\ and so by 
(34) we conclude that 

0 < \\x* -x'\ = 0 . 

This is a contradiction. Hence, the minimizing vector is unique. 
Finally, we prove the last part of the Theorem. 

(=>). On contrary, let assume that there exists 0 xo e M which 
is not fti-orthogonal to (x — x*). Without lose of generality, let 
||xo| = 1, (x — x*,xq)~ = — 5 and (x* — x, — xq)~ = 35, for some 
5 > 0. Define a vector xs = x* + 5xq. Then, by (12) and the 
Cauchy-Schwatz type inequality 

||x — xs\ — \\x — x — o:co| 

= (x — x* — 5:co, x — x* — 5x 0 )~ 

< — (x — x* — 5xo, x* — x + 5xo) _ 

= — (x — x*, x* — x)~ — 5 (x — x*,x 0 )~ 

- 5 (-x 0 , x* - x)~ - 5 2 (-x 0 , x 0 )“ 

< ||x — x*| ||x* — x\ + 5 2 — 3 5 2 + 5 2 (since (x 0 , x 0 )" = — (—x 0 , x 0 )~) 

< ||x — x*| 2 — 5 2 < ||x — x*| 2 (by (34)). 

This is a contradiction. Hence (x — x*) _L M. 

(<^=). Let (x — x*) _L M. For arbitrary x* /i /6 M, we have, for 
x G X and by the Pythagorean type inequality 

\\x-y\ 2 = ||(x — x*) + (x* -y)\ 2 
> ||x — x*| 2 + ||x* — y\ 2 

which implies that 

||x — y | > 11 x — x *| . 

This shows that x* is the minmizing vector. Hence, the proof is 
complete. 



16 


Theorem 2.15 (Direct sum decomposition type theorem). Let 
M be a biclosed subspace of a real quasi ///'Hilbert space, II 1 '. Then 
H b = M®A'I L . 

Proof. By Projection type theorem, for any x G H b , there exists 
a unique vector x* G Ad such that 

\\x — x*\ < \\x — y\ \/y G M 

and 

z* = x — x* e M ± . 

Hence, we can write 

x = x* + (x — x*) = x* + z*, where z* = x — x*, 

with x* G M and z* G Ad ± . Next we show that x* + z* is unique. 
Suppose that x' + z! with x' G M and z' G M L is another represen¬ 
tation of x. Then, 

x* + z* = x' + z! so that x' — x* + (z' — z*) = 0 . 

But (x'—x*) and (z'—z*) are bi-orthogonal. Hence, by Pythagorean 
type theorem, 

o = || (x' — x*) + (z -z*) I 2 > \\x' -X*\ 2 + \\z' -Z *\ 2 > 0. 

This implies, \\x'x*\ = 0 and \\z' — z*\ = 0, establishing the 
uniqueness of the representation. Thus, the result holds, as desired. 

Definition 2.12 Let (. X , || ■ |i) and (Y, || • ( 2 ) be real asymmetric 
norrned spaces, and let Ab : X —> Y be a linear operator. Then 
Ab is said to be (|| • |i, || • ^-bounded linear ((| • || 1 , | • || 2 )-bounded 
linear) if there exists some constant K > 0 (K' > 0) such that 

\\A b {x)| 2 < K\\x\i(resp., |-4 6 (a;)|| 2 < K\x\\i) , Vx G AL 

It is therefore called binorm bounded linear operator if it is both 
(II • |i, || • ^-bounded linear and (| • ||i, | ■ || 2 )-bounded linear. 

Definition 2.13 Let H b be a real quasi ///Hilbert space. The set 
of all binorm bounded and linear functionals / : H b —» M, denoted 
by H b *, is called quasi bidual space. 

Theorem 2.16 Let H b be a real quasi 6 /Hilbert space and let 
(x, y)~ + (x, —y)~ = 0, for all x,y £ H b . Then H b * = H b . 

Proof. We will divide the proof in to two steps. 
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Step one. We show that every x G H b defines an element f x G H b * 
with \\f x \ = ||x|. Now, let x G H h and let y G H b be chosen 
arbitrarily. Define f x : H b — > K C H b by 

fx(y) = (~y,x). 

Observe that f x is linear. Furthermore, 

\fx(y)\ = \(y,x)~\ < IMIM, 

so that f x is || • |-bounded. Therefore, f x G H b *. Moreover, the last 
inequality above gives 

||/*| < IN- (37) 

For x = 0, by (45), f x — 0 and so we are done with the proof. 
But, suppose that x 0, then we let y — A with ||y = 1 and 
f x (y) = ||^|- This implies that 

\\fx{y)\ = Ikl < H/*|||y| = ||/x| so that ||x| < \\fx \■ (38) 

By (45) and (50), we get \\f x \ = \\x\. 


Step two. We prove that every / G H b * defines a unique vector 
x G H b with ||/| = ||x|. Hence H b and H b * are isometric. Now, let 
/ G H b *. Define the kernel of / by 

Kerf := {u G H b : f(u) = 0}. 

Let K := Kerf. Clearly K is || • (-closed subspace of H b . By 
Theorem 2.10, we can write y G H b as y = w + z where w G K 
and z _L K. So, for y ^ K and y = w* + z, where z 0 and 
f(z) =5^0, let ip = |. Then f(yi) = 1. Hence, for arbitrary 
u G H b , u 7^ K, we get that 


f{u) = « f{u) = <*f{yi), that is, f(u - ay i) = 0. 

Let u — ayi = w'. Hence, u = w' + ay \, w' G K and ay\ _L K such 
that 

(u,yi}~ = (^u , + ay^yf)- 


>W,yi) +{ay 1 ,y 1 ) 


a{yi,yi) , if a > 0 

if a < 0. 


By (39) and the hypothesis of the theorem, we have 


( 39 ) 




if a > 0 



yi \ 
(~yi,yi)~ / 



y i 

llyil 2 


f(u) < 


, if a < 0. 



Hence, 


( 40 ) 


f(u) < {u,yo) where y 0 = —pj. 

\m\ 

By (21), we have that 

< j(ll« - !/il 2 - II- + yi\ 2 - l|yi| 2 + 2|yi|| 2 ). (41) 

But, by the hypothesis of the theorem, we get the parallelogram 
inequality, 

\\u + y 1 \ 2 + \\u-y 1 \ 2 >2\\u\ 2 + \\y 1 \ 2 + \y 1 \\ 2 . 

This implies that 

IN 2 + ||u + 2/i| 2 + ||u - yi\ 2 > 2\\u\ 2 + \ yi \\ 2 > 2\\u\ 2 , 

and therefore 

-||« + yi| 2 <||«-yi| 2 -2|M 2 + ||y 1 | 2 . (42) 

Substituting (42) into (41), we obtain 

<-, -»!>“ < j(2||« - </,| 2 - 2||'«| 2 + 2|y 1 || 2 ). (43) 

Interchanging the role of u and u — y\ in (43), we get 

<« - Vu < 1(2|| «| 2 - 2||« - ml 2 + 2|t/if), 

so that 

(u, -yx)~ + (-j/i, -yi)~ < ^(2\\u\ 2 - 2|| u - 2 /i| 2 + 2\y 1 \\ 2 ), 
and therefore 

<«-!/ i )“< 1 ( 2 |M 2 - 2|| U - !/1 | 2 + 2 | ! , 1 || 2 ) 

= ^(2 (w' + ayi,w' + oiyi)~ - 2 (w' + ayi - yi,w' + ay 1 - 2/i) _ 

+ 2 (-2/1, —yi) ) < ^(-4 (w' + 0(2/1, -2/i)“) 

= -(«;' + 02 / 1 , —2/i)~ < - -2/i)~ - («2/i, —2/i) _ 

= - ( 02 / 1 , - 2 /i)" ■ 

By the hypothesis of the theorem and interchanging the role of 2/1 
and — 2/1 in the last inequality above, we arrive at 
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Hence, 


f(u) > ( u ,Vo) 


By (40) and (44), we conclude that 


(44) 


f(u) — (u, yo) . 

In addition, by Step one of the proof above, we have that ||/| = 
11 2 / 0 1. Finally, we will show that yo is unique. Suppose that f(y ) = 
(: y,y*)~ for all y G H b , then 

(y, vo)~ = (y, y*)~ => (y, yo - y*)~ = o. 

Take y = y 0 — y *, then 

(yo -y*,yo -y*)~ = ho-y*\ 2 = 0 ^y 0 = y*. 

The proof is complete. 


Theorem 2.17 (Riesz representation type theorem). Let H b be 
a real quasi hzHilbert space and H b * its quasi bidual. Let / G H b *, 
then there exists a unique vector, 

(1) y Q G H b such that f(x) = (x,y 0 )~ for each x G H b 

( 2 ) ||/| = \\Vo\. 

Similarly, 

(3) —f(x) = (x,y 0 ) + for each x G H b 

(4) |/|| = |2/o||- 


Proof. This follows from the proof of Theorem 2.16. 

2.7 Bimetric projection and its characterizations 

Definition 2.14 Let H b be a real quasi hzHilbert space and C 
be a biclosed and convex subset of H b . A mapping P b , : H b —> C 
defined by, for x G H b , P]fx = xo, where xo is the unique vector in 
C satisfying 

||a; — xo| < ||a; — y\ (similarly, \x — xo|| < \x — y||) Wy G C, 
is called a hz-metric projection from H b onto C. 

Theorem 2.18 Let C be a nonempty biclosed and convex subset 
of a real quasi 6 zHilbert space H b . Let y G H b and x 0 G C, then for 
all u G C and x 0 = P^y, the following inequalities are equivalent: 

(1) \\y-x 0 \ < \\y~u\, 

(2) (x 0 - y,u- x 0 ) + > 0, 



(3) \y-x 0 \\ < \y-u\\, 

(4) (x 0 - y,u- x 0 )~ > 0. 

Proof. (1 =>■ 2). Let x 0 = P^y and u G C. Since C is convex, 
then for t G (0,1), tu + (1 — t)x 0 G C, we can write 

II y ~x 0 \ 2 < ||y - (tu + (1 - t)x 0 )| J 

= \\y - xq - t (u - x 0 )| 2 . (45) 

Expanding the right hand side of (45), we get 

(y - x 0 - t (u - x 0 ) ,y - x 0 - t (u - x 0 )y 

>(y-xo,y- x 0 )~ + (y - x 0 , -t (u - x 0 )) _ 

+ {-t (u - x Q ), y - x 0 y + (-t (■u - x 0 ) ,-t(u- x 0 ))~ 

= (y-x 0 ,y- x 0 )~ +2 t(y- x Q , (x 0 - «))“ 

+ t 2 ((x 0 - u ), (x 0 - u))~ . (46) 

Interchanging the role of y — Xq and y — Xq — t (u — Xq) in (46), we 
have 

{y - x 0 - t (u - x 0 ) ,y - x 0 - t (u - x 0 ))~ 

< (y - x Q , y - x 0 y - 2t (y - x 0 - t (u - x 0 ), (x 0 - u))~ 

- t 2 {(x Q - u ), (x 0 - u)y 

< (y-x 0 ,y- x 0 y -2 t(y- x 0 , (x 0 - u))~ 

- 2t 2 ((x 0 - u ), (x 0 - yy -1 2 ((x 0 - u ), (xo - yy 

< (y - •'•()• y - Xq y +2 t(y- Xq , (x 0 - u))~ 

+ t 2 ((x 0 - u ), (x 0 - u))~ . (47) 

This implies that, by (45) and (47) 

(V ~ X 0 , (X 0 - U))~ + (( Xq - U) , (X 0 - U))~ > 0, 

and therefore 

(y — Xq, Xq — u)~ >0 (dS t —> 0). 

(2 => 3). Let «GC, then by (12) 

0 < (y - x 0 , xq - u)~ = (x 0 - y,u - x 0 ) + 

< - (y - Xq, u - y + y - Xq) + 

<-(y- Xq, Xq - y) + -(y-x 0 ,y- u) + . 
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This implies 

( V -xq ,y - x 0 ) + < - (y - x 0 , y - u) + 

so that 

I V ~ soil < | y- u\\. 

The proof of (3 =>■ 4 ) and (4 =>■ 1 ) follow from the computation 
technique of the proof of (1 =>■ 2 ) and (2 =4* 3 ) above, respectively. 
The proof is complete. 

Theorem 2.19 Let C be a nonempty biclosed and convex subset 
of a real quasi feiHilbert space H b and A be a nonlinear map. The bi- 
variational inequality associated with A and C is defined as finding 
Xo E C, such that 

(Ax o, u — xo)~ >0, Vu E C 

similarly 

(Ax o ,u — x 0 )~ > 0 

if and only if 

x 0 = P b c (I - \A)(x q ),\/u EC, A > 0. 


Proof. Let 


(Axq, u — x 0 )~ > 0. (48) 

Now multiply both sides of (59) by A > 0, we have 
(AT (xq) , u — xf)~ > 0 

equivalently 

(x 0 ~ Pci 1 - AT) (x 0 ) ,u-x 0 ) >0 

equivalently 

xo = Pc (I — AT)(x 0 ) for A > 0 (by Theorem 2.18). 


Theorem 2.20 Let H b be a real quasi hiHilbert space and C be 
a biclosed and convex subset of H b . Let a mapping P b : : H b —> C 
be a 6z-metric projection. For x E H b , if xq = PqX then, 

||® - Xo \ 2 + ||y - x 0 | 2 < ||a; - z /| 2 

(similarly, \x - Xof + I y- X 0 || 2 <\x- y|| 2 ) Wy E C. (49) 
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Proof. To show (49), let y,x 0 E C and A G (0,1), then \y + (1 — 
A)x 0 G C. Clearly 

||a; — Xq\ 2 < ||a; — x 0 — A (y — a ; 0 )| 2 • (50) 

Using the same computation tecnique as in Theorem 2.18, we arrive 
at 

(x 0 ~ x,y - x 0 ) + > 0. (51) 

By adding a special zeros ’y — if and 'x — x ’ to the first and second 
argument in (51), we get respectively 

(x 0 - y, y - x 0 ) + + (y-x 0 ,y - x) + > 0 

and 

(xo — x, y — x) + + (xo — x,x — xq) + > 0. 

This implies by (12) that 

~ (y ~ %o,y ~ x 0 ) + + (y - x 0 ,y - x) + >0 (52) 

and 

— (x — xo, x — xq) + + (^o — x, y — x) + > 0. (53) 

Adding (52) and (53), we arrive at (49), as desired. 

Theorem 2.21 For x,y E H b and P b , be a h/’-metric projection 
from H b onto a biclosed and convex subset of H b , C, we have 

\P b c x - P b c y\\ < | y- x|| + \P b c x - x|| + | y- P b c y \\, 

similarly 

\\P b c x - P b c y\ < ||y - x\ + || P b c x - x\ + \\y - P b c y\. 


Proof. Let x,y E H b , then by definition 

11a; — PqX | < ||a; — u\ for all u E C. 
For A G (0,1), since C is convex, then 

A P b c y + (1 - A )P b x E C, P b c x, P b y E C. 
Substituting u with (55) in (54), we get 

||x - Pcx\ 2 < ||a; -P b x-X (P b c y - P b c x) \ 
Expanding the right hand side of (56), we get 

(x — Plfx, PqX — P b ;ij) > 0 as A —> 0, 


(54) 

(55) 


2 


( 56 ) 



23 


so that 

(P b x-x,P b y-P b c x) + > 0. (57) 

From (57). interchanging the roles of x and y, we have 

(P b c y-y,P b c x-P b y) + >0. (58) 

Since, by (12), that 

{P b c x - x, P b c x - PcV) + + {.P b c x - x, P b c y - P b c x) + < 0 
then, by (57) and from the last inequality above, we get 

(P b x-x,P b x-P b c y) + < 0. (59) 

Similarly, when 

(y - P b c y, P b c x - P b y) + + (P b y - y, P b c x - P b c y) + < 0 
then, by (56) and from the last inequality above, we have 

(y-P b c y,P b x-P b y) + < 0. (60) 

Combining (59) and (60), we arrive at 

(y - P b c y, P b x - P b c y) + + (P b x - x, P b x - P b c y) + < 0. (61) 

But, 

«!/-*) + (PcX - PcV), PcX ~ P b cvt >(V~ PcV , PcX - Pcv) + 

+ {P b c x-x,P b c x-P b y)* . 

(62) 

Interchanging the role of y — P^y and (y — x) + ( P^x — P^y), and 
of P^x — x and (y — x) + ( PqX — P^y) in (62), respectively, we have 

(y - PcV. P b cX - Pcvf ><(»-*) + (P& - P b cV), Pc* - P b c y)* 

+ (P b c x-x,P b c x-P b c y) + (63) 

and 

{P h c x - x, P b c x - P b c y) + >(y- Phi, P b c x - P b c y) + 

+ {(y~x) + (P b c x - P b c y), P b c x - P b c y) + . 

(64) 

By (61) and (63), we get 

<(»-*) + (P b c x - -P&), P b c x - P b c vY 

+ 2{P b x-x,P b c x-P b c y) + <0, 
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which implies 

{P b c x - P b y, P b c x - P b y) + < - ((y -*),/$* - P b y ) + 
-2{P b c x-x 1 P b c x-P b c y) + 

<\((y-x),P b x- P b c y) + | + 2| (P b x - x, P b c x - P b c y) + \ 

and therefore 

| Pjfx — P b c y || < | y — x\\ + 2\Pjfx — *||. (65) 

Similarly, by (61) and (64), we get 

\P b c x - P b c y\\ < |y - *|| + 2 |y - P b c y\\. (66) 

Combining (65) and ( 66 ), we conclude that 

\P b c x - P b c y\\ < | y -*|| + \P b c x - *|| + | y- P b c y \\, 

as required. 

2.8 Adjoint operator type on real quasi 5?'Hilbert spaces 

Definition 2.15 Let Pl b be a real quasi hzHilbert space. Let 
Ab : p[ b —> p[ b be a binorm bounded linear operator. We define a 
map 

A* b : H b —>■ H b 
by 

(dfe|/,*) + = ( A b x,y) + (similarly ( A* b y,x)~ = (A b x,y)~) 

for all *,!/ e P[ b . The map A* b is called the adjoint operator type of 
binorm bounded linear operator, A b . 

Theorem 2.22 Let P[ b be a real quasi ^Hilbert space. Let A b : 
H b —> H b be (binorm) bounded linear maps with adjoint operators 
A\ respectively. Then, 

(1) IK| = \\A * b | ; 

(2) \\A* b A b \ = \\A b \ 2 . 

Similarly 

(1) \Ab\\ = \A* b \\; 

( 2 ) \A* b A b \\ = |d 6 || 2 . 

Proof. This follows from the technique of proof in [1], 
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